The essences of the weak CP violation the quark and lepton Jarlskog invariants are determined toward future model buildings beyond the Standard Model (SM). Satisfying the unitarity condition, we obtain the CKM and MNS matrices from the experimental data. The Jarlskog determinant J in the quark sector is found to be ∼ 1.36 × 10 −3 | sin αKS| while J in the leptonic sector is ∼ 3.34 × 10 −2 | sin α KS |.
I. INTRODUCTION
Ever since the discovery of weak CP violation [1] , its origin and cosmological implication has been a mystery. Ideas such as a tiny CP violation effect in the strong interaction sector or scalar mediated weak CP violation had not been considered any more as leading ones after Kobayashi and Maskawa(KM) found that three left-handed(L-handed) charged currents lead to weak CP violation effects [2] . In early 1960's, CP violation had been an interesting topic even to laymen [3] . In late 1960's, CP violation had been considered as an indispensable ingredient in baryogenesis, creating baryons out of a bayonless Universe [4] .
CP violation can arise in three varieties, (1) the strong CP violation [5] , (2) the weak CP violation, and (3) CP violation by singlets beyond the Standard Model (BSM). The strong CP problem has led to the so-called axion physics which is one of the leading candidates for dark matter in the Universe [6] but short of explaining the current baryon asymmetry in the Universe. Out of the remaining two, the leading candidate toward the baryon asymmetry is the CP violation by the BSM singlets. On the other hand, the weak CP violation hints a crucial information on a fundamental theory of elementary particles. The reason is the following. Because the strangeness changing neutral current effects are strongly suppressed [7] , the flavor changing effects are dominated by flavor changing charged currents. In the SM, the L-handed doublets encode this information. The observation of the weak CP violation [1] requires three or more L-handed SM doublets. If we supersymmetrize the SM and requires asymptotic freedom above the TeV scale, four or more L-handed doublets are forbidden. Thus, three L-handed doublets are unique. This observation leads to the following flavor puzzles.
The flavor puzzle in the SM constitutes in two parts: (i) "Why are there three chiral families?", and (ii) "Why is the Cabibbo-Kobayashi-Maskawa(CKM) matrix [2, 8] almost diagonal while it is not so in the Maki-NakagawaSakata(MNS) matrix [9] ?" Here, we suggest the usefulness of Jarlskog determinant [10] answering the second flavor problem if three families are given. Because string theory has been believed to be sufficiently restrictive below the string scale, works on three families from string compactification exploded under the phrases 'standard-like models in string compactification' [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] and 'SUSY GUTs from string' [28] [29] [30] [31] . All these models attempted to realize three chiral families. But, the more difficult problem is (ii) on the CKM matrix. Because of the reduction of the number of Yukawa couplings in GUTs compared to the standard-like models, an anti-SU(5) has been attempted for the flavor problem [32] . For a successful phenomenology, not only the Yukawa couplings but also the discrete symmetry Z 4R [33] and a mechanism for SUSY breaking at an intermediate scale [34] are needed. GUTs help analyzing these issues also [35, 36] .
In this paper, in particular, we draw the attention that the Jarlskog determinant is useful in analyzing the actual data. In fact, using the Jarlskog determinant, we obtain numerical 3 × 3 CKM and MNS matrices at our best capability, which can be easily applied in the future model buildings.
II. A USEFUL PARAMETRIZATION
Because the flavor changing neutral current effects are almost absent, the structure of three L-handed doublets of quarks and leptons are enough for the flavor study in the SM,
In Eqs. (1) and (2), we choose bases such that the lower components are the mass eigenstates while the upper components are mixed.
In this paper, we use the Kim-Seo(KS) form for the CKM matrix [37] , 
where c i and s i are cosines and sines of three real angles θ i (i = 1, 2, 3) and α KS is a CP phase. The KS form is written such that the elements in the 1st row are all real, which makes it easy to draw the Jarlskog triangle with one side sitting on the horizontal axis. Furthermore, the (21) element is real and hence it is possible to determine three real angles from the experimental values of the first family related elements, (11), (12), and (21) entries. For the MNS matrix of Eq. (2), we use another four parameter set, Θ i (giving corresponding C i and S i ) and α KS . The situation with the other forms of parametrization is the following. The original KM form [2] gives a complex determinant. The Maiani form [38] is not exactly unitary, and the Wolfenstein form is designed to be approximate [39] . A relevant one, being unitary with a real determinant, is the form used in the PDG book [40] which is the form originally used by Chau and Keung [42] . The PDG form has four real elements, (11), (12), (23), and (33) elements. The errors in the (23), (33) and (21) elements in the PDG book are 1.896 %, 2.254 %, and 1.835 %, respectively. So, using the (11), (12), and (23) elements with the PDG parametrization 1 is almost the same as using (11), (12), and (21) elements with the KS parametrization.
In this paper, we use the KS form to determine three real angles of the CKM matrix and argue that the CP phase is ∼ 90 o and determine a complete CKM matrix, using the invariance of Jarlskog determinant [10] . For the MNS matrix, we follow the same line of argument. But the leptonic CP phase has large error bars at present and just draw an attention for a possible MNS matrix if a crude T2K CP phase of −90 o is used.
III. USEFULNESS OF JARLSKOG DETERMINANT
The CP violation effect for transitions involving c, t, d, and s were parametrized [10] , here rearranging the original expression of [10] , as 2 Im (
The CP violation is encoded in the imaginary part and in this case we define J = Im (V 22 V *
)
* (V 32 V * 31 ). If we take (V 22 V * 21 ) and (V 32 V * 31 ) as two sides of a triangle, they are elements of (V i2 V * i1 ) for i = 2 and 3. So, three sides of a Jarlskog triangle corresponds to three values for i = 1, 2, 3, and these three complex numbers make up a triangle in the complex plane because i V i2 V * i1 = 0 due to the unitarity of V . As we choose 2 and 1 from the column entries, there are three ways to make column-triangles. Similarly, one can make three row-triangles which we do not use in this paper. The physical magnitude of weak CP violation is given by the Jarlskog determinant J which is twice of the area of the Jarlskog triangle shown in Fig.  1 where α, β, and γ are the angles determined from hadron phenomena [40] .
But a simple form, readable from the 3 × 3 CKM matrix itself, is given by [43] 
If the determinant is real as required, there is no imaginary part in
The layout of the Jarlskog triangle in the PDG book [40] .
FIG. 2:
The layout of the Jarlskog triangle in the KS form [37] . i.e. the permutations of {i, j, k} = {1, 2, 3} add up the imaginary parts to zero, implying any set of {i, j, k} has the same magnitude. Any set out of 6 can be used as J, and there can be a consistency check on the determination of the CKM parameters by calculating J from these 6 sets, i.e.
As emphasized here, J makes sense only if we use a unitary matrix V . It is useful to check the six terms independently so that the unitarity condition is satisfied. Since J turns out to be order 10 −3 , with an approximate form it is not warranted for the triangle to close and the error on J is O(10 −3 ). With the KS form, the Jarlskog triangle is shown in Fig. 2 . Note that the horizondal axis is the number V 11 V * 13 which is real and hence it is sitting on the x-axis. Namely, in the KS form, one side of any Jarlskog triangle is sitting on the x-axis. Out of three numbers from V i1 V * i3 , if we take i = 3 and using V 33 1, V 31 with the phase α KS is the angle at the origin. This invariant angle appears in any Jarlskog triangle. If we consider the Jarlskog triangle V i2 V * i1 , we note |V 12 V * 11 | λ and |V 22 V * 21 | λ and we have a shape shown in Fig. 3 . Since J =O(λ 5 ), the small side has a length at most O(λ 4 ), which implies that two angles are close to 90 o . Namely, from trigonometry, if we have two long sides of length λ and λ + O(λ 4 ), the angle between them, , is given for λ 0.225 by
One among α, β, and γ must be α KS , and cannot be α KS since there is no angle close to 0 among angles α, β, γ of Fig. 1 . The shape of this thin triangle is shown in Fig. 3 , with an exaggrated . Our form of the CKM and MNS matrices are based on
where U (u,d) and U (ν,e) are diagonalizing unitary matricies of L-handed quark and lepton fields, respectively.
IV. DATA ON FLAVOR PHYSICS A. CKM matrix
The CKM data in the PDG book is present by fitting to an approximate unitary matrix [39] , which is not adequate in calculating the Jarlskog determinant because they did not use an exact CKM matrix. As we will show J is O(10 −3 ). If one uses an approximae one, he is in error of not closing the triangle at O(λ 4 ) which is O(2 × 10 −3 ) and obtaining J from the approximate expression is not reliable. So, we must use a parametrization where at least three elements do not contain the phase such that firstly three real angles are determined. We determine them, using the unitary KS form [37] , using the (11), (12) , and (21) 
Let us express the angles and the errors as
Then, we obtain the following from Eqs. (3) and (10),
To determine the CP phase α KS , we use the formula for the Jarlskog angle. If | sinᾱ KS | turns out to be greater than 1 from this formula, then we determineᾱ KS = ±90 o depending on the sign of the equation. Since the shape of the Jarlskog triangle is the same in any parametrization, the CP violation error will be the same in any parametrization. So, for the error bars of J, i.e. δ J , we use the PDG value because the error in the shape of the Jarlskog triangle is reliable even if the PDG group uses the approximate form. We use the PDG value δ J /J = 0.15/3.18 = o . Therefore, we obtain the following numerical data on V CKM using the error propagation method, 
In addition, we determine J = 1.364
+0.599
−0.599 × 10 −3 | sin α KS | which is considered to be an experimental value.
B. Neutrino oscillation and MNS matrix
The 2018 fit [45] , using the PDG parametrization of the MNS matrix obtained ±1σ mass squared differences in the normal (NH) and inverted (IH) hierarchies as [45] , NH and IH : ∆m 
The fit [45] gives almost the same MNS angles for the NH and IH mass squared differences, and hence these MNS matrices are taken to be the same here. The leptonic data is not accurate enough in particular on the phase [46] , i.e. δ PDG = 1.32 (11), (12) and (21) elements, but to our best knowledge we should obtain Θ i from the neutrino oscillation data presented in the Θ ij form [44] . So, we convert V 
where 
Then, from the values of [45, 46] , we obtain, 
Let us take the range δ These are needed to compute the error bars for the MNS matrix with the KS parametrization.
As an illustration, we use three real angles Θ 1,2,3 determined from δ 
from which we obtain |α KS | 30.9 o if | sin δ MNS | = 1. Thus, we estimate J 3.5 × 10 −2 . If we take the initial central value of the T2K experimental range δ T2K = 270
o [47] , we can draw the leptonic Jarlskog triangle as shown in Fig.  4 . This is because both |α KS | 30.9 o and |δ T2K | 90 o must belong to the corner angles of this triangle.
V. CONCLUSION
We attemped to present the approximate CKM and MNS matrices in the form of 3 × 3 matrices, Eqs. (14) and (22), by determining three real angles. In the final matrices, we included the least known phases α KS and α KS as free parameters. The Jarlskog invariants in the quark and lepton sectors are determined as J q ∼ 1.36 × 10 −3 | sin α KS | and J l ∼ 3.34 × 10 −2 | sin α KS |, respectively, which are the essential information for future model buildings from string compactification.
